Abstract-In this work, we study classical differential geometry of the curves according to type-2 Bishop trihedra. First, we present some characterizations of a general helix, a helix, special cases and spherical curves. Thereafter, we investigate position vector of a regular curve by a system of ordinary differential equations whose solution gives the components of the position vector with respect to type-2 Bishop frame. Next we prove that the first vector field of the type-2 Bishop frame of a regular curve satisfies a vector differential equation of third order. Solutions of the mentioned system and vector differential equation have not been found. Therefore we present some special characterizations introducing special planes of three dimensional Euclidean space.
I TRODUCTIO
Classical differential geometry of the curves may be surrounded by the topics general helices, involute-evolute curve couples, spherical curves and Bertrand curves. Such special curves are investigated and used in some of real world problems like mechanical design or robotics by well-known Frenet-Serret equations. Because we think of curves as the path of a moving particle in the Euclidean space. Thereafter researchers aimed to determine an another moving frame for a regular curve. In 1975, L.R. Bishop pioneered "Bishop Frame" by means of parallel vector fields.
This special frame is also called as "parallel" or "alternative" frame of the curves. Nowadays a good deal of research has been done on Bishop frame in Euclidean space see [4] , [5] ; in Minkowski space, see [3] , [22] ; and in dual space, see [14] . And, recently, this special frame is extended to study of canal and tubular surfaces, we refer [12] , [13] .
In [21] , the authors introduced a new version of the Bishop frame and called it as "type-2 Bishop frame". They also investigated spherical images of a regular curve which correspond to each vector fields of the new trihedra. In this work, we focus on the theory of the curves with respect to type-2 Bishop frame. First, we give some characterizations of a general helix, a helix, special cases and spherical curves in terms of the type-2 Bishop invariants. In the next section, we establish a system of ordinary differential equations whose solution gives the components of the position vector of a regular curve. A general solution of the system has not yet been found. Due to this, we introduce special planes spanned by type-2 Bishop vector fields and express some special solutions. And, finally we prove that the first vector field of the type-2 Bishop frame of a regular curve satisfies a vector differential equation of third order. We hope these results will be helpful to mathematicians who are specialized on mathematical modeling.
PRELIMI ARIES
To meet the requirements in the next sections, here, the basic elements of the theory of curves in the space E 3 are briefly presented (A more complete elementary treatment can be found in [17] .)
The Euclidean 3-space E 3 provided with the standard flat metric given by 
Denote by {T, , B} the moving Frenet-Serret frame along the curve ϕ in the space E 3 .
For an arbitrary curve ϕ with first and second curvature, κ and τ in the space E 3 , the following Frenet-Serret formulae is given in [17] 0 0 0 0 0
Here, curvature functions are defined by
In [21] , the authors introduced a new version of the Bishop frame (originally expressed by R.L. Bishop, for details see [6] ) with the following statements.
Let α = α(s) be a unit speed regular curve in E 3 . The type-2 Bishop frame of the α(s) is defined by
The relation matrix between Frenet-Serret and type-2 Bishop frames can be expressed
Here, the type-2 Bishop curvatures are defined by
It can be also deduced as
The frame { } , ,B, , ζ ζ ∈ ∈ as type-2
Bishop invariants of the curve α = α(s).It is well-known that for a unit speed curve with non vanishing curvatures the following theorem hold [17] .
be a regular curve with curvatures κ and τ. ϕ is a general helix if and only if κ τ = constant.
SOME CHARACTERIZATIO OF REGULAR CURVES ACCORDI G to TYPE-2 BISHOP FRAME
In the rest of the paper, due to nature of the type-2 Bishop frame (see [21] , pp.767), we shall consider a regular curve with non-vanishing Frenet-Serret curvatures. We point out this situation, because the ratio of the type-2 Bishop curvatures cannot be a constant due to nonzero curvature.
It is a well-known concept that a curve of constant slope or general helix is defined by the property that the tangent lines make a constant angle with a fixed direction. The classical result, necessary and sufficient condition that a curve to be general helix in E 3 is that ratio of curvature to torsion be constant; namely κ τ = constant.
In this work, first we aim to determine this criteria in terms of the type-2 Bishop curvatures. So, by the aid of the equations (4) and (5), we give the following theorems. 
We have given the characterizations above in terms of the obtained results with respect to Frenet-Serret frame. And for a general helix it can be said that such curves form constant angle with a fixed direction. Recently, considering principal normal lines of the curve, another kind of a helix of E 3 have been introduced by S. Izumiya and N. Takenchi in [11] . The curve is called a slant helix if normal lines makes a constant angle with a fixed direction. In further researches, spherical images, the tangent and the binormal indicatrix and some characterizations of such curves in Euclidean space and Lorentz-Minkowski spaces are presented (see [1] , [2] , [5] , [15] and [16] ). This fact has also been extended to the isotropic curves in the complex space by [23] . At this point one can ask that the first vector field of the type-2 Bishop frame ζ 1 forms a constant angle with a fixed a direction or not? This is an interesting question and we investigate this case with the following statements. U u u
where u i for 1 ≤ i ≤ 2 are real valued functions of s. U is a constant vector, since one more differentiating of (6) gives us the following ordinary equations 
which is a contradiction. We also give a similar characterization for the second vector field of the type-2 Bishop frame by: Proof. As in the proof above, it can be obtained by the second vector field of the type-2 Bishop frame ζ 2 .
We shall end this section giving some characterizations for spherical curves with respect to type-2 Bishop invariants.
Recall that, in the Euclidean space, for an arbitrary curve α = α(s) lies on a sphere with center c, then (α -c) 2 is constant (hence all of its derivatives with respect to s are zero) and so we are led to the following definition of contact [17] , [23] .
Definition 3.1. Let m and r > 0 be given and f(s) = (α -c) 2 . We say that α has jth order spherical contact with the sphere of radius r and center c at s =s 0 if Note that the larger j is, the closer f(s) is to being a constant function and so the closer a is to lying on a sphere of radius r and center c. 
For the next step, we differentiate (7) 
POSITIO VECTOR OF A REGULAR CURVE ACCORDĐ G TO TYPE-2
BISHOP FRAME In the existing literature, it can be seen that investigating position vectors of the curves with respect to Frenet-Serret frame in Euclidean or another spaces is still an interesting problem. For instance, see [7] , [10] , [19] , [20] and [23] . In this work, we also study position vector of a regular curve according to type-2 Bishop frame.
Let α= α(s) be a regular curve with nonvanishing Frenet-Serret curvatures. We may Substituting this to the third equation of (10) we get
Finally, using this in the second equation of (10), we have a third order nonlinear differential equation with variable coefficients ( )
This nonlinear differential equation is a characterization for the curve α = α(s). By means of solution of it, position vector of α can be determined. However a general solution of it has not yet been found. Therefore we shall focus on some special cases. First, we conclude Theorem 4.1. The components in the system of (10) cannot be u 1 = constant ≠ 0, u 2 = constant ≠ 0 and u 3 ≠ 0.
Proof. Let us suppose the components in the system (10) be u 1 = constant ≠ 0, u 2 = constant ≠ 0 and u 3 ≠ 0. By first two equations, we have For special cases and therefore special solutions of the system (10), here we shall introduce some special planes which are similar to rectifying, osculating and normal planes of Frenet-Serret trihedra. 
for real numbers c 1 and c 2 .
Proof. Let α = α(s) be a regular curve in E 3 and lie fully in the first type-2 Bishop plane. Then u 3 = 0 holds. Since the system (10) transforms to 
The proof of this theorem can be easily obtained by taking u 2 = 0 in the system (10). Corollary 4.2. It can be also deduced that type-2 Bishop invariants of a the second type-2 Bishop plane curve satisfy a nonlinear differential equation as follows:
The subspace, which is spanned by the unit vectors ζ 2 and B, is called the third type-2 Bishop plane. We follow same procedure to prove the following results. Therefore we give them without proofs. 
VECTOR DIFFERE TIAL EQUATIO OF THIRD ORDER CHARACTERIZES REGULAR CURVES OF E E E E 3
Recently a method has been developed by B.Y. Chen to to classify curves with the solution of differential equations with constant coefficients with respect to standard frame of the space. This method generally uses ordinary vector differential equations as well as Frenet equations [2] . By this way, curves of a finite Chen type and some of classifications are given by the researchers in Euclidean space or another spaces, see [8] , [9] , [18] , [23] . In this work we also investigate vector differential equations derived from type-2 Bishop vector fields. ∈ ∈ ∈ ∈ ∈    
Proof. Let α = α(s) be a regular curve in E
